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Estimation of System Matrices by Dynamic Condensation
and Application to Structural Modification

S. Y. Chen*and Y. G. Tsuei'
National Cheng Kung University, Tainan 701, Taiwan, Republic of China

A method for estimating mass, stiffness, and damping matrices of a dynamic system was presented in our previous
paper. That technique is based on extracting the normal frequency response functions from the experimental
complex ones. Independent from the mass and stiffness matrices, the damping matrix is calculated alone, whereas
the mass and the stiffness matrices are identified from the normal frequency response functions by using the least
squares method. In this paper, we extend that method to deal with an incomplete system and to indicate that
the condensed physical system matrices can also be obtained by that method. These condensed system matrices
represent a dynamic condensation of the original full system. Furthermore, the condensed system matrices are
applied to the problem of determining the structural modifications necessary to shift the damped natural frequency
to a desired value. Both simulation and experimental examples are carried out to illustrate the applicability of the
present method. The results indicate that the method is effective and accurate.

Nomenclature

C = viscous damping matrix of original system

C, = viscous damping matrix of reduced system

f@® = force vector of original system in time domain

f(w) = force vector of original system in frequency domain

fr(w) = force vector of reduced system in frequency domain

HS ) = complex frequency response function matrix for the
original system

HC(w) = complex frequency response function matrix for the
reduced system

HY(w) = normal frequency response function matrix for the
original system

HY(®) = normal frequency response function matrix for the
reduced system

H) = transfer function matrix in Laplace domain

I = identity matrix

K = stiffness matrix of original system

K. = stiffness matrix of reduced system

M = mass matrix of original system

M, = mass matrix of reduced system

A ) = response vector in time domain for the original
damped system

x“(w) = response vector in frequency domain for the original
damped system

x%(w) = response vector in frequency domain for the reduced
damped system

x“(A) = response vector in Laplace domain for damped system

AC = change of damping matrix C

AK = change of stiffness matrix K

AK, = matrix AK obtained from changing only one stiffness
kI’

AM = change of mass matrix M

AMy = matrix AM obtained from changing only one lumped
mass mg

8k, = change of stiffness k,

dmy = change of lumped mass m ¢ at node Q

A = Laplace variable, i.e., A = —o +iw

w = frequency of excitation

[1! = inverse of a matrix

[ 17 = transpose of a matrix
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[ 1 = imaginary part of a complex matrix
[ 1z = real part of a complex matrix

I. Introduction

ECAUSE of the increasing complexity of modern mechanical

structures, an accurate mathematical model [such as a finite el-
ement (FE) model] has become a necessity for successful design of
mechanical systems. We often have the problem that a mathematical
model does not predict the dynamic behavior of the real system well
when compared with the measurements. The discrepancy between
model response and real measurements may be due to inaccurate
parameters of the model. Hence, more accurate matrices for mass,
stiffness, and damping of a structure model are needed for devel-
oping better active vibration control system, for predicting accurate
responses, for estimating loads, and for making structural modifi-
cation. One realizable approach is to tune the FE model using the
measurement data. However, since the degrees of freedom (DOF) of
a FE model are much larger than those of measurements, the model
must be reduced to match the DOF of measurement. Most reduc-
tion techniques will alter the dynamic characteristics contained in
the original full analytical model. Generally, the estimated frequen-
cies in the reduced model are higher than those of the original model.
Guyan' reduction, commonly referred to as static condensation, is
probably the most widely used condensation technique for the re-
duction of large analytical models. The amount of error introduced
in the Guyan reduction process, however, is heavily dependent on
the selection of the degrees of freedom to be retained. O’Caliahan?
proposed the improved reduced system (IRS) technique to improve
the results obtained from Guyan reduction by taking into account
knowledge of system inertial effects. Paz® proposed an algorithm
for dynamic condensation. That algorithm is applied progressively
from the fundamental mode to any desired number of higher modes,
and an iterative process may be implemented to further improve the
solution. These methods are all based on an analytical model such
as the FE model.

Alternatively, many researchers focus their efforts on the esti-
mation of system matrices directly from the measurement data of
structures. In the modeling of a structure, the damping matrix is
more difficult to identify than that of the mass and the stiffness ma-
trices from noisy measurement data. Several methods*~® have been
developed for estimating the mass, the stiffness, and the damping
matrices of the mathematical model of a structure. Observing the
results of these works, one may find that the estimated damping ma-
trix has larger relative error than that of the mass and the stiffness
matrices. The reason is that the order of the damping coefficients is
often much smaller than that of the stiffness coefficients. For small
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coefficients, larger relative error will occur when the least squares
method or instrument variable method is employed to calculate
these coefficients, namely, stiffness, mass and damping, together.
The accuracy will be improved if the estimation of the damping
matrix can be separated from the estimation of mass and stiffness
matrices.

In previous work,” a relationship between the complex and the
normal frequency response functions (FRFs) was formulated. By
using this relationship, a frequency-domain technique for estimat-
ing mass, stiffness, and damping matrices was also developed. In
Ref. 9 the estimation of the damping matrix is separated from the
estimation of mass and stiffness matrices. The normal FRFs ex-
tracted from the complex FRFs are employed to find the mass and
stiffness matrices for a complete system. In this paper, we also ap-
ply the method to the incomplete system to obtain the condensed
normal FRFs and the condensed physical system matrices. These
condensed physical system matrices are then applied to dynamic
structural modification for shifting the damped natural frequency to
a desired value by changing the mass or stiffness of the original sys-
tem. The method is practical because measured FRF data are used
directly to achieve the goal. There is no need to construct a finite
element model.

I1I. Identification of Physical System Matrices

For a structure with viscous damping, the equations of motion
can be written as

MEC (1) + CxC (1) + KEC (1) =f(2) (1

where M, C, and K are the n X n mass, viscous damping, and
stiffness matrices, respectively, and they are referred to as the phys-
ical system matrices of a structure. Since most estimations involve
the calculation of mass, stiffness, and damping matrices simultane-
ously, large error often appears for estimating damping matrix. To
reduce the error, our goal is to find a method to estimate the damping
matrix independently. This can be achieved by the previous work®
and is summarized as follows. The reader is referred to Ref. 9 for
more detailed derivations.
For harmonic excitation, Eq. (1) can be expressed as

[HY ()] 5% (») + ioCx® (») = f(») 2

where f(1) = f(w)e!®, 2(t) = x(w)e', and HY (w) = (-’ M +
K)~! are used. HY () is the normal FRF matrix. Premultiplying
Eq. (2) by HY (w) yields

x (@) +iG(@)x(w) = HY (w)f (w) 3)
where
Gw) = wH" (w)C 4

is a real matrix, and it is referred to as the transformation matrix.
Equation (4) provides a relationship between the transformation
matrix G and the damping matrix C. If the transformation matrix
and the normal FRF matrix A% can be calculated, then the damp-
ing matrix can be identified independently. By rearranging Eq. (3)
and using the complex response equation x¢(w) = H¢(w)f(w),
the transformation matrix G(w) then can be solved in terms of the
matrices H§ (w) and HF (w) by

-1
Gw) = —Hf ()[HE ()] (5)
and the relation between the normal FRF matrix and the complex

FRF matrix as

HY (w) = HS (0) — G(0)HF (w)

— HE (@) + HE @[ H @] HE @) ©)

From Egs. (5) and (6), the transformation matrix G(w) and the
normal FRF matrix H" (w) can be calculated, respectively, given
HE¢(w). Once matrices G{(w) and H" (w) become available, the
damping matrix can be calculated from Eq. (4).

Estimation of Damping Matrix
For the noise-free case, the exact solution for damping matrix can
be obtained directly from Eq. (4) by

C = Yo, [HY )] G %

where w; is a chosen frequency. In practice, the frequency response
functions are contaminated with noise and the least squares method
(LS) is employed to solve for the damping matrix. By evaluating
Eq. (4) at several frequencies w, w, ..., w,, We have

Ve =0 @®
where
V=B @) 0H (@) wnH" (@m)]"
0=1Gw) Gw) G (@)’

Since C is a symmetric matrix, we define a parameter vector ¢ from
the lower triangular matrix of C:

- T . .
c=[cy cu cn €31 ...Cj ... Cunl L= &)

where ¢;; is the (i, j) element of damping matrix C. By using the
outer product expansion and rearranging the V and Q matrices cor-
respondingly, the real overdetermined equation can be rearranged as

Ve=g (10)

where V and g are formed from the V and Q matrices, respectively.
Note that the dimension of V is mn® x n(n + 1)/2 and that of g
is mn® x 1. The dimension of V and § can be further reduced by
utilizing known zero elements of the C matrix. Equation (10) can
be solved by the least squares method when m > n. This leads to
the normal equation as

ViveE=VT"g an

The solution vector ¢ provides the required damping matrix C. In
this work the damping matrix is identified independently from the
mass and the stiffness matrices. This is the main difference from
other existing methods. Next, the identification of mass and stiffness
matrices is presented.

Estimation of Mass and Stiffness Matrices
For an undamped system, the equations of motion can be writ-
ten as

(—0’M + K)xN (@) = f (@) (12

The relation between the matrices M, K, and HY (w) is given by
(—’M + K)HY () =1 (13)
where HV (w) is calculated from Eq. (6). By transposing Eq. (13)

and taking the symmetry of M, K, and H" (w) into account, we
obtain

a m|M|zE 14
[ 1 K |= (14
where
A=—[0?H" @) @}H (@) o HY (@)
B=[H"@) H"@) HY (@]

E=1{ 1 ... I

Similar to the derivation in the preceding section, the real overdeter-
mined equation can also be obtained and solved by the least squares
method.
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Selection of Data Points on the Identification Procedure

In general, the data points near resonant peaks of the FRFs contain
more information of the characteristics of a dynamic system and
the signal to noise ratio is higher. From these points of view, it is
preferred to select the data points near each resonant peak for the
identification procedure.

IHI. Condensed Physical System Matrices

In practice, a real structure has infinitely many of degrees of free-
dom. Only finite complex FRFs associated with finite measurement
locations (or degrees of freedom), however, can be obtained using
modal testing. It should be noted that there is no truncation error
for each complex FRF in the measured frequency range. From this
point of view, if only r master degrees of freedom are chosen, the
complex response equation becomes

x{ () = HE (0)f, (@) (15)

where HE (w) is the r x r reduced complex FRF matrix associated
with the measured degrees of freedom x€. Similar to Sec. II the
condensed transformation matrix is given as follows:

G, = ~[HE @], [H @], (16)
and the condensed normal FRF becomes
HY () = [HS (@)], — G/ (@)[H ()], (17

From Egs. (16) and (17), the condensed transformation matrix
G, (w) and the condensed normal FRF matrix H,N (w) can be calcu-
lated, respectively. Once matrices G, (w) and H" (w) become avail-
able, similar to the derivation in preceding section, the condensed
physical system matrices M,, C,, and K, can be obtained by least
squares method. In the next section, the identified condensed physi-
cal system matrices are used for the dynamic structural modification.

IV. Dynamic Structural Modification

In previous work,'? a structural modification method for shifting
natural fregencies of damped mechanical systems was developed.
The transfer functions are in the Laplace domain, and an iteration
procedure is required. In experiments, however, only frequency re-
sponse functions in the frequency domain and finite numbers of
data for each frequency response function can be obtained. Hence,
that technique can not be applied directly to real structures. Assume
the structure can be modified by adding mass directly to a nodal
DOF or by adding stiffness only between two nodal DOF in the
condensed system. The identified condensed system matrices M,,
C,, and K, obtained in the preceding section can be utilized such
that the modification technique becomes available for experimental
data. The modification technique is summarized in the Appendix.
More detailed derivation and interpretation can be found in Ref. 10.
In the next section, both simulation and experimental examples are
employed to illustrate the applicability of the proposed method.

V. Illustrative Examples

In this section, three examples are presented. Examples 1 and
2 are simulation examples, but an actual test structure is used in
example 3.

Example 1

Figure 1 shows a 2-DOF lumped-mass system. Although it is a
simple model, it provides a clear concept for the dynamic conden-
sation. In this example, the sampling frequency (Aw) is 0.1 Hz and
three frequency points, namely, 2.0, 2.5, and 3.0 Hz are used for
the identification procedure of the present method. The first case is
to retain x; (master DOF) in the reduction process, and only one
complex FRF associated with the master DOF x; is measured for
the present method. For this reduction, the original 2-DOF system
turns out to be a 1-DOF reduced system with a set of equivalent pa-
rameters. Table 1 shows the equivalent mass and stiffness obtained
by the Guyan reduction, the IRS method, and the present method,
respectively. The equivalent mass from Guyan reduction is the sum

Table 1 Comparison of equivalent mass and stiffness for retaining
the first DOF as master DOF, example 1

Parameters
Methods Equivalent mass, kg Equivalent stiffness, N/m
Guyan reduction 3 1000
IRS method 5.17 1296
Present method 5.49 1373
my=1Kg Kk =1,000N/m C 22 Ny
M2=2Kg ke=1500Nm =~ o0
K 193
L ANM———
/ AW m my
41— |
C T X C T x,
Fig.1 Simulated system of 2 DOF.
-30 . . = . . . : . .
— Original
-40 ! —- Present method b

. Guyan reduction

-~ IRS method

Receptance m/N (dB)

Frequency (Hz)

Fig.2 Receptance FRF hj(w) obtained by selecting x1 as master DOF
for the 2-DOF system.

of m, and m,, and the equivalent stiffness is just k; (static condensa-
tion). The IRS method is an improvement of Guyan reduction. The
effect of the inertia of the deleted mass is included in the reduction
process. The present method estimates the condensed system ma-
trices from the complex (measured) FRFs directly. The effects of
the deleted mass m,, stiffness k,, and damping ¢ are compensated
automatically in the process of reduction.

The corresponding receptance FRFs are shown in Fig. 2. It is
obvious that the natural frequency obtained by Guyan reduction
(dotted line) has larger deviations from the exact one; that is, the ra-
tio of the equivalent mass and stiffness is not accurate. The natural
frequencies obtained from IRS (dashed-dotted line) and from the
present method (dashed line) are in good agreement with the exact
one, i.e., the ratios of the two pairs of equivalent mass and stiffness
are accurate. It should be noted, however, that for a real structure
the IRS method can not be applied directly until an analytical model
(such as the FE model) is established, whereas the present method
can directly identify the condensed system matrices from the mea-
sured FRFs. This is the main difference between the present method
and most of existing methods. The receptance FRF obtained by the
three methods is shown in Fig. 3 for when x; of the 2-DOF system
is chosen as master DOF. Note that the natural frequency from the
IRS method is not accurate, although it is an improvement of Guyan
reduction. The natural frequency obtained by the present method is
again in good agreement with the exact one. Hence, the present
method is not sensitive to the selection of the DOFs to be retained in
the reduction process, but the Guyan reduction and the IRS method
are heavily dependent on the selection of the DOFs.

Example 2

The second example is a 7-DOF, lumped-mass system as shown
in Fig. 4. In this system, all of the lumped masses are selected to
be unity. The modal parameters are listed in Table 2. The reason
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Table 2 Eigenvalues of the original 7-DOF system

Eigenvalue A, = —0, + iw,

Damping Damped natural frequency
Mode o, , rad/s w,, rad/s
1 1.18 84.17
2 7.26 143.64
3 7.62 176.73
4 7.92 181.28
5 5.67 256.59
6 18.44 259.37
7 11.91 288.72
20

— Original

301

--- Present method

... Guyan reduction

-~ IRS method

Receptance m/N (dB)

Frequency (Hz)

Fig.3 Receptance FRF hj;(w) obtained by selecting x; as master DOF
for the 2-DOF system.

L L AL

ki
m‘ Xs
X1
m;=1Kg

ki § Ky = 10,000 N/m
‘ ke K2 = 20,000 N/m
! k3 = 20,000 N/m

€ =20Ns/m

Fig. 4 Simulated system of 7 DOF.

the system was chosen is that there are two pairs of closely spaced
modes, i.e., the third and the fourth mode (around 28 Hz) and the
fifth and the sixth mode (around 41 Hz). The highest damping ratio
is about 7% for the sixth mode. Hence, it is referred to as a highly
coupled system. In this example, the sampling frequency (Aw) is
0.1 Hz and 11 frequency points, namely, 13.0, 13.5, 14.0, 22.0,
22.5, 23.0, 27.5, 28.0, 28.5, 29.0, and 29.5 Hz are used for the
identification procedure of the present method. A typical FRF is
shown in Fig. 5 (solid line). Only five peaks can be observed in
the magnitude plot although there are seven modes for the system.
Figure 5 also shows the results of reduction by each method with
the master DOFs x;, x,, x5, and x4 (4 DOF). It is obvious that the
IRS is an improvement of Guyan reduction, but some deviations
for the natural frequencies are found. On the other hand, the first
four natural frequencies obtained by the present method are in good
agreement with the exact original first four natural frequencies. A
comparison of the results of example 1 and example 2 shows that
all stated conclusions of example 1 are also valid for example 2.
Next, the condensed system matrices identified by the present
method are applied to the problem of determining appropriate
structural modification. Figure 6 shows the relation between the

~~ Original
-1 - --- Present method 1
f ... Guyan reduction

-- IRS method

Receptance m/N (dB )

0 50 100 150 200 250 300 35¢

Frequency ( rad/sec )

Fig. 5 Receptance FRF li5;(w) obtained by selecting x1, x3, x5, and x¢
as master DOFs for the 7-DOF system.

— Exact
*  Predicted

Required changes of my (Kg)

82 82.5 83 83.5 84 845

Desired first damped natural frequency ( rad/sec )

Fig. 6 Modification of mass m; required for desired first damped nat-
ural frequency obtained by selecting x1, x3, X5, and x4 as master DOFs
for the 7-DOF system.

4
1210

— Exact
05¢ *  Predicted

Required changes of k3 ( N/m)

160 162 164 166 168 170 172 174 176 178
Desired third damped natural frequency ( rad/sec )

Fig.7 Maodification of stiffness k3 required for desired third damped
natural frequency obtained by sclecting xi, x4, X5, and x¢ as master
DOFs for the 7-DOF system.

desired first damped natural frequency and the required changes of
mass m; with master DOFs x|, x5, x5, and x¢. The predicted results
are fairly accurate. For instance, the first damped natural frequency
of the original system is 84.17 rad/s. It is desired to shift the fre-
quency to 82 rad/s by modifying the mass m,. The exact solution
for m;, is 1.594 kg, and the predicted 5m, is 1.595 kg. The relative
error is —0.09%. Figure 7 shows the relation between the desired
third damped natural frequency and the required changes of stiff-
ness k3 between mass my4 and mass ms with master DOFs x;, x4,
xs, and xg. For example, the third damped natural frequency of the
original system is 176.73 rad/s. It is desired to shitt the frequency to
170 rad/s by modifying the stiffness k. The exact solution for §ks
is —8546 N/m, and the predicted §k; is —8624 N/m. The relative
error is 0.91%.

Example 3

An experimental example is used for this case. The test structure
is a free-free acrylic beam. The dimensions and material proper-
ties are shown in Fig. 8. Since the acrylic beam is supported with
soft and light elastic bands, the structure can be considered “freely”
suspended in space. For the free-free acrylic beam structure, seven
points with equal spacing are selected as the measurement locations
(nodes) as shown in Fig. 8. Modal testing was performed on the
selected locations to obtain the required FRFs. Only the responses
in the x direction, as shown in Fig. 8, are measured. The identi-
fied modal parameters of the original beam structure are listed in
Table 3. In this example, the sampling frequency (Aw) is 1.0 Hz
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Table 3 Eigenvalues of the original and the modified free-free acrylic beam

Eigenvalue A, = —0, +iw,
Modified by adding a mass Modified by adding a mass
Original block on the fourth node block on the second node
Mode oy, Hz wr, Hz o,, Hz wy, Hz o,, Hz w,, Hz
1 1.88 54.75 1.78 50.68 1.84 54.02
2 4.70 152.46 4.67 152.06 3.74 150.20
3 7.92 299.73 7.59 275.62 8.07 283.87

VI

Conclusions

A frequency-domain method based on the condensed normal
FRFs extracted from the measured complex FRFs of real struc-
tures is developed for identifying the condensed mass, stiffness,
and damping matrices. In this method, the estimation of the damp-
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nodes are selected as the master DOFs, the present method can also
accurately predict the changes of the mass at the middle point of
the original beam structure. The relative error is 0.53% as listed

ing matrix is independent from that of the mass and the stiffness

Table 4 Comparison of actual and predicted results after mass
modification for free-free acrylic beam
Master DOFs Smy for first &m for second in Table 4.
Added mass, mode mode
kg X1—X7 X1—X4 X1-X7
Actual 0.227 0.227 0.227
Predicted 0.226 0.226 0.226
Error, % 0.39 0.53 0.51
E=392*10° N/m2 h=0031 m
i P =1120 Kg/m® w=0.043 m
7 o h
"4 W
< X 1.0675 m >

Fig. 8 Dimensions and material properties of the free-free acrylic

beam.

Inertance (dB)

Fig.9 Inertance FRFs hy1(w) of the free-free acrylic beam before and

matrices, and the relative error is small. These identified condensed
physical system matrices provide an accurate dynamic condensa-
tion of the original full system. It is emphasized that the method is
= practical because the structural modification for shifting the damped
natural frequency to a desired value can be achieved directly from
the experimental FRFs by applying the present method. There is no
need to construct a finite element model.

Appendix: Summary of the Structural Modification

— Original
--- modified

20

40 60 80 100 120 140 160 180 200
Frequency ( Hz)

after modification.

Inertance (dB)

The equations of motion for a modified system without external
excitation can be expressed as

(M + AM)FC (1) + (C + AO () + (K + AK)EC (1) = 0 (Al)

where AM, AC, and AK are the changes of mass, damping, and
stiffness of the original system, respectively. By taking the Laplace
transform of Eq. (A1) with zero initial conditions, we have

(M + AC + K)xC (M) = —(A’AM + AAC + AK)XC(A) (A2)

where A = —o + iw. Since the left-hand side of Eq. (A2) is the

40 60 80 100 120 140 160 180 200
Frequency ( Hz)

Fig.10 Inertance FRFs hj;(w) of the free-free acrylic beam before and
after modification.

and nine frequency points, namely, 50.0, 60.0, 70.0, 140.0, 150.0,
160.0, 290.0, 300.0, and 310.0 Hz are used for the identification
procedure of the present method.

The first case for structural modification is to shift the first damped

natural frequency from 54.75 Hz to the desired frequency of 50.68
Hz by adding a mass block on the middle point (fourth node) of the
beam. By using the present method, the predicted mass is 0.226 kg.

Since the mass actually added on the structure is 0.227 kg, the
relative error is 0.39%. The second case is to shift the second damped
natural frequency from 152.46 Hz to the desired frequency of 150.20
Hz by adding a mass block on the second node of the beam. The

resultislisted in Table 4. Figures 9 and 10 show the inertance FRFs of

AK, = 8k,

the original and modified systems for these two cases, respectively.
From Fig. 9, it is observed that since the middle point is a nodal
point (zero displacement) of the second mode of the original beam
structure, the second mode is almost not shifted after modification.
The same holds true for the first mode as shown in Fig. 10. A critical
case is also studied. When only the first, second, third, and fourth

AMQ = SmQ

o

0 - 0 --- 0
0 - a; --- O
0 ajr 0
0 0 0

xC(\) = —HMW)AW*AM +AAC + AK)xC())

0

0

ary

ayy

0

inverse of the transfer function matrix of the original system, Eq.
(A2) can be rewritten as

(A3)

It is assumed that AM and AK have following simple forms. First,
consider modifying a lumped mass at node Q with ém g, the matrix
A M can be expressed as

(A4)

Next, for a spring with a modification of stiffness 8k, between node
I and node J, the matrix AK,, can be represented as

0—1

(A5)
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Detailed discussion of the AM and A K were presented by Tsuei and
Yee.!! The damped natural frequency can be shifted by changing
the mass and stiffness parameters. If only a simple stiffness P is
modified, Eq. (A3) is reduced to

Los vl wlle]-=0]
hyr(h) Ry () an an |, *s ok, | x;
(A6)
It can be considered as
JMz=yz (A7)

The A and y are the unknown parameters in Eq. (A7). If the variable
A Eq. (A7) is known, the equation becomes an eigenvalue problem.
When a damped natural frequency of the system is shifted from
the original value w,, to shifted value w;, the imaginary part of
A becomes wy, i.e., A = —o + iw,. The matrix J(\) cannot be
computed because the real part of A is unknown, but A and y can be
determined using an iterative procedure.

During the iteration, an initial value of o, denoted as o,,, is as-
sumed for the real part of A. The corresponding value of A is defined
as A,, i.e., A, = —0, + iw,. If a value of A, is assumed and the
corresponding y, value is determined from Eq. (A7) but the value
of y, is not a real number (since 8k, is real and is the inverse of
¥, s0 y must be a real number), the values of A, and y, are not the
possible solutions. A different value of A, has to be assumed, and
the calculation process repeated.

Next, if a mass parameter m is changed, Eq. (A3) is reduced to

x5 = —22mghgo(M)x§ (A8)
For a particular A,, it can be written as
Smg = ~1/ koo (ra) (A9)

Similar to the previous procedures of the stiffness modification, a
desired damped natural frequency w, is specified and a value of o,
is assumed. The desired system eigenvalue A, is obtained when the
imaginary part of A2k g (A,) is zero. The mass change §m g at node
Q is calculated from Eq. (A9).

Equation (A7) may provide more than one realistic §k,, but only
one 8k, is the correct modification for shifting a particular system
mode from original damped natural frequency w,, to a desired value

w;. The nonunique solutions indicate that the frequency of different
modes can be shifted. For instance, there are two possible solutions:
one is positive 8k, and one is negative 8k,. The positive 8k, indi-
cates that the frequency of a lower mode, rth mode, is shifted up
from w, to w,, where w, < w,. The negative 8k, indicates that the
frequency of a higher mode, uth mode, is shifted down from w,
to w,, where w, > w,. The user has to select the appropriate 8k,
to achieve the desired modification. It is noted that we would like
to modify the structure with smallest changes, i.e., to choose the
largest eigenvalue from Eq. (A7).
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